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Let N,(T) be the number of zeros of Riemann’s zeta-function, 
c(s), s = 0 + it, on u = l/2, 0 < t < T and let N(T) be the number of 
zeros for 0 < t < T and 0 < u < 1. Let L = log T/23-. The following 
was proved in [I]. 
THEOREM. If U = T/LIO and T is large, then 
NQ(T + U) - &(T) > (1/3)[N(T + U) - W)I. (1) 
Since the proof is long, it is worth while to point out how one complexity 
can be eliminated at the start. What will be shown is that log t/2n, 
which occurs in the denominator of each integrand in IZs , 13s , I;,, 1r3, 
and Isa of [l], can be replaced by L before making the appraisal of each 
of these Ijk . Since L acts like a constant in these integrands, one step in 
dealing with each of these Ijk is thereby eliminated. 
G(s) is defined by [l, (1.9)] and the mollifier #(s) is defined by 
4(s) = C Wjs, y = 7V’/L2Q, 
j<Y 
where until [ 1, Sec. 1 I], it is sufficient to know that 
Ibjl <I. 
(2) 
(3) 
This is satisfied by the bi of [I] an d 1 a so of [2]. The proof of the Theorem 
was quickly shown to hinge on obtaining a good upper bound for 
s 
TiKJ 
log I W(a + it)1 dt, 
T  
(4) 
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where 0 -C a < l/2 and 
l/2 - a = 0(1/L). 
A simplification occurs if, instead of [I, 2.61, use is made of 
/;+‘Iog 1 $G(a + it)/ dt < Ulog ((l!U) s:‘” I $G(u + it)/ dt). 
From [l, (2.16)-(2.18)] we get 
G(a + it) = f&z + it) + O(t-lj4), 
where 
w = g,(s) + [-g2(4 + Xl@) &)1/l0g ww, 
where, with .Z’ for 1 < n < (t/2~r)l/~, 
g,(s) = zn-“, g,(s) = zn-* log 12, g&) = BP-l log 12 
and by [l, (2.15)], with u = a, 
Xl@> = O(l), T<t<T+U. 
Using the Schwarz inequality, 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
I 
T+U 
T  I #(a + it)1 dt < W2 (j- :‘” 1 #(a + it)” dt)1’2. 
Then, Treating the diagonal and nondiagonal terms separately, as usual, 
and using (3) and (5), 
and so 
s 
T+U 
T I$(u+it)12dt=0 UC(l/j ) =O(UL) 
( j<2, ‘2a 1 
(11) 
I 
T+U 
1 #(a + it)1 dt = O(U,Y2). (12) T 
We use (7) and (12) to get 
s:‘” 1 t,bG(u + it)\ dt = s:‘” I a,bH(a + it)/ dt + 0(U15-‘~). (13) 
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For T < t < T + U, 
log (t/24 = L + log t/T = L + O(U/T) = L + O(L-lo) 
and hence, 
Let 
l/log (t/27r) = 1 /L + O(L-12). (14) 
fJo(4 = m + I-g2(4 + x&)g&w* 
Then, by (14) and (lo), 
(1% 
s:‘” / #H(a + it))1 dt < s:‘” 1 ~H,(a + it)1 dt 
+ o(L-12) ITT+” I4 ICI g,(u+;t> I + I g,@ + W dt. (16) 
By the Schwarz inequality, 
p” 1 $&(a + it)1 dt < (s,“” I $(a + it)l” dt s,“” I g,(a + it)]” dt)1’2. (17) 
Again, treating the diagonal and nondiagonal terms in the familiar way, 
I g,(a + it)12 dt = O(UL3) 
and similarly for g, . Combining this with (1 l), (17) becomes 
I 
T+U 
I #g2(u + it)1 dt = 0( UL2) 
T  
and so (16) yields 
f 
,“” 1 I,,H(u + it)1 dt < j.TT+u 1 #H,(u + it)/ dt + O(UL-lo). 
Since 
(S T+” 1 #H,(u + it)1 dt)’ < Us:‘” / +Ho(u + it)l” dt, T  
(18) and (13) yield 
(18) 
(l/U) s:‘” I t,bG(u + it)1 dt < ((l/U) J;“” I $Ho(u + it)12 dt)“’ + O(L-lo). 
(19) 
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Thus, the estimate of the left side of (6) is reduced to the estimate of 
I 
T+U 
/ $&)(a + it)12 dt. (20) 
T 
In (20), according to (15), in contrast to (8), the terms log t/2r are 
replaced by L and, therefore, the Ijk’s of [l] are replaced by simpler 
terms no longer involving log t/27r in the denominators of the integrands. 
This simplifies the treatment of each Ijk and in particular, eliminates the 
need for [I, Lemma 3.51. 
The use of the analogue of (6) is very useful before making the 
appraisals necessary to give the detailed proof of the theorem of [3]. 
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